In this paper, three Keller-Segel models are considered from the point of Lie symmetry analysis, conservation laws, symmetry reduction, and exact solutions. By means of Lie symmetry analysis, we first obtain all the symmetries for the three models. Based on the obtained symmetries, many non-trivial and explicit conservation laws for the three models are obtained with the help of Ibragimov's new conservation theorem. Applying the characteristic equations of the obtained symmetries, symmetry reductions and exact solutions are obtained, including solutions expressed by rational functions and Bessel functions.
Introduction
The famous chemotaxis model was proposed by Keller and Segel in the 1970s to describe the aggregation of cellular slime molds Dictyostelium discoideum in response to the chemical cyclic adenosine monophosphate [1, 2] . In its simplified form, Keller-Segel model reads ⎧ ⎨ ⎩ u t = ∇ · (d∇u -δu∇φ(v)), Keller-Segel models are used to describe a wide range of processes in biology, ecology, medicine, and so on. The readers are referred to [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] for more details about biological motivation and mathematical introduction of Eq. (1.1).
System (1.1) with linear law φ(v) = v, ε = 1, f (u, v) = βu -λv has the form
v t = αv xx + βu -λv, (1.2) and is also called the minimum chemotaxis model, see a review article [6] . When d = δ = 1, λ = 0, system (1.2) becomes of the form in [8, 9] :
v t = αv xx + βu.
(1.3)
For the integrable case α = 2, an exact solution of (1.3) has been derived in [8] , more exact solutions of (1.3) have been derived in [9] . System (1.1) with logarithmic sensitivity φ(v) = ln v, ε = 1, f (u, v) = βu -λv is expressed by 4) and has prominent specific applications. For the special case α = 0, λ = 0 of (1.4), Keller and Segel [10] performed theoretical analysis to interpret the propagating travelling bands of bacterial chemotaxis experimentally observed in [11, 12] . It is known that Lie symmetry analysis is a powerful and systematic method for dealing with partial differential equations (PDEs) [15] [16] [17] [18] [19] [20] [21] . Lie symmetry analysis has also been extended to fractional partial differential equations (FPDEs) in recent years [22] [23] [24] [25] . Moreover, this method has had a profound impact on both pure and applied areas of mathematics, physics, mechanics, etc. Based on the symmetries of a PDE or a FPDE, many other important properties of the equation such as integrability, conservation laws, reduction equations, and exact solutions can be considered successively [18] [19] [20] [21] [22] [23] [24] [25] . For the special case φ(v) = v, ε = 0, f (u, v) = βu -λv, Lie symmetry analysis and self-similar solutions are considered in [26] , and a natural continuation of [26] for a (1 + 2)-dimensional Keller-Segel model is considered in [27, 28] . As far as we know, Lie symmetry analysis and conservation laws of (1.2), (1.3), and (1.4) have not been studied. To provide more information for understanding the three models, we will study symmetry, conservation laws, symmetry reductions, and exact solutions of (1.2), (1.3), and (1.4).
The rest of the paper is organized as follows. In Sect. 2, Lie symmetry analysis of the three models is performed. In Sect. 3, formal Lagrangian and adjoint systems of the three models are derived to obtain the conservation laws. In Sect. 4, non-trivial and explicit conservation laws are derived. In Sect. 5, we use the symmetry to get symmetry reductions and new exact solutions of the three models. The last section is a short summary and discussion.
2 Symmetry analysis of (1.2), (1.3), and (1.
4)
Recall that the geometric vector field of system (1.1) is as follows: 
where pr (m) V denotes the mth prolongation of V , and 1 
, respectively. For example, in view of system (1.2), we have
where the coefficient functions are given by
D x and D t are total differential operators with respect to x and t, respectively. Then, in terms of the Lie symmetry analysis method, we can obtain all of the geometric vector fields of the three systems.
(i) For system (1.2), the vector field for an arbitrary value of λ is
When λ = 0, in addition to (2.4), there is another vector
(ii) For system (1.3), the vector field is
(iii) For system (1.4), the vector field for an arbitrary value of λ is
When λ = 0, in addition to (2.6), there is another vector
Moreover, it is necessary to show that the vector fields of the systems are closed under the Lie racket, respectively. Taking (2.5) for an example, we have
So, the vector field of (1.3) is spanned by a four-dimensional Lie algebra. In fact, the vector fields of (1.2) and (1.4) are also spanned by finite dimensional Lie algebra.
Formal Lagrangians and adjoint systems
The construction of explicit forms of conservation laws plays an important role in the study of nonlinear science, as they are used for the development of appropriate numerical methods and for mathematical analysis, in particular, existence, uniqueness, and stability analysis [29] [30] [31] . In addition, the existence of a large number of conservation laws of a partial differential equation (system) is a strong indication of its integrability. There are many methods to get the conservation laws of differential equations, such as Noether's theorem [32] , the partial Noether approach [33] , and so on [34] [35] [36] [37] [38] . Among those, the new conservation theorem given by Ibragimov is one of the most frequently used methods since it does not require the existence of classical Lagrangians and can be used to find conservation laws associated with the known Lie, Lie-Bäcklund, or non-local symmetries [34, 39] .
A general theorem on conservation laws
To derive conservation laws of systems (1.2), (1.3), and (1.4), we use the following new conservation theorem proved in [32, 33] .
Theorem 1 Every Lie point, Lie-Bäcklund, and non-local symmetry
of a system of m equations
with n independent variables x = (x 1 , . . . , x n ) and m dependent variables u = (u 1 , . . . , u m )
provides a conservation law for system (3.1) and the corresponding adjoint system
Then the elements of the conservation vector T = (T 1 , . . . , T n ) are defined by the following expression:
Formal Lagrangians and adjoint systems
According to the method of constructing Lagrangians in [32, 33] , the formal Lagrangian of system (1.2) is
where Z and ω are two new dependent variables with respect to x and t. Following the idea in [32, 33] , the adjoint system of system (1. 
Substituting (3.5) and (3.7) into system (3.6), the adjoint system for system (1.2) is expressed as follows:
The formal Lagrangian of system (1.3) is 9) and the adjoint system for system (1.3) is
In a similar way with system (1.2), the formal Lagrangian of system (1.4) is 11) and the adjoint system for system (1.4) is 
, the characteristic functions are W 1 = -u t , W 2 = -v t , and the conservation law of system (1.2) and adjoint system (3.8) derived by V 2 is
, the characteristic functions are W 1 = 0, W 2 = e -λt , and the conservation law of system (1.2) and adjoint system (3.8) derived by V 3 is In the above expressions of the conservation laws of systems (1.2) and (3.8), Z and ω are arbitrary solutions of system (3.8). If we can find exact solutions of (3.8), explicit conservation laws of (1.2) can be obtained by substituting them to the above expressions. For example,
where C 1 and C 2 are nonzero constants, is a solution of (3.8). By substituting it to (4.2), we can obtain an explicit conservation law of (1.2) corresponding to symmetry V 2 : 
Conservation laws for system (1.3)
There are four symmetries for system (1.3). Next we will study a conservation law for the system consisting of (1.3) and (3.10) according to Theorem 1. For Lie symmetry V 1 = ∂ ∂x , the characteristic functions are W 1 = -u x , W 2 = -v x , and the conservation law of system (1.3) and its adjoint system (3.10) derived by V 1 is , the characteristic functions are W 1 = 0, W 2 = 1, and the conservation law of system (1.3) and its adjoint system (3.10) derived by V 3 is
, the characteristic functions are
v x -tv t , and the conservation law of system (1.3) and its adjoint system (3.10) derived by V 4 is
In the above expressions of the conservation laws of systems (1.3) and (3.10), Z and ω are arbitrary solutions of system (3.10). If we can find exact solutions of (3.10), explicit conservation laws of (1.3) can be obtained by substituting them to the above expressions. For example,
is a solution of (3.10). By substituting it to (4.7), we can obtain an explicit conservation law of (1.3) corresponding to symmetry V 4 :
(4.8)
Conservation laws for system (1.4)
There are three symmetries for system (1.4) with an arbitrary value of λ. Next we will study a conservation law for the system consisting of (1.4) and (3.12) according to Theorem 1.
, the characteristic functions are W 1 = -u x , W 2 = -v x , and the conservation law of system (1.4) and its adjoint system (3.12) derived by V 1 is
(4.9)
For Lie symmetry V 2 = ∂ ∂t , the characteristic functions are W 1 = -u t , W 2 = -v t , and the conservation law of system (1.4) and its adjoint system (3.12) derived by V 2 is , the characteristic functions are W 1 = u, W 2 = v, and the conservation law of system (1.4) and its adjoint system (3.12) derived by V 3 is 
, the characteristic functions are W 1 = -u -
v x -tv t , and the conservation law of system (1.4) and its adjoint system (3.12) with λ = 0 derived by V 4 is
(4.12)
In the above expressions of the conservation laws of systems (1.4) and (3.12), Z and ω are arbitrary solutions of system (3.12). If we can find exact solutions of (3.12), explicit conservation laws of (1.4) can be obtained by substituting them to the above expressions. For example,
is a solution of (3.12). By substituting it to (4.11), we can obtain an explicit conservation law of (1.4) corresponding to symmetry V 3 :
(4.13)
Remark 1 Here we should point out that all the conservation laws obtained in this section are non-trivial and have been checked by Maple software.
Symmetry reductions and exact solutions
In Sect. 2, we have obtained the Lie symmetries of (1.2), (1.3), and (1.4). In this section, we will investigate the symmetry reductions and exact solutions for the three equations. Since (1.3) is a special case of (1.2), and its solutions have been studied in [9] , we mainly focus on the reductions of (1.2) and (1.4). Using the obtained symmetries (2.1), similarity variables and symmetry reductions can be found by solving the corresponding characteristic equation t, u, v) .
Symmetry reductions and exact solutions of (1.2)
For Lie symmetry V 1 =
∂ ∂x
, we can obtain
(5.1) Substituting (5.1) to (1.2), we can obtain the exact solutions of (1.2) as follows: , we can obtain
Substituting (5.3) to (1.2), we can obtain the following reduction equations:
Taking the second equation of (5.4) into the first equation, after simplification we can get Substituting (5.6) to (1.2), we can obtain the following solutions:
From the symmetry
for the special case λ = 0, we can obtain 8) where
. Substituting (5.8) to (1.2), we can obtain the following reduction equations:
If we can find solutions of (5.9), new solutions of (1.3) can also be obtained. where θ = x -ct. Substituting (5.10) to (1.3), we can obtain the following reduction equations:
The first equation of (5.11) can be integrated once and becomes 12) where N is an arbitrary constant. Taking the second equation of (5.11) into (5.12), one can obtain 
Symmetry reductions and exact solutions of (1.4)
∂ ∂x
(5.14)
Substituting (5.14) to (1.4), we can obtain the exact solutions of (1.4) as follows: , we can obtain
(5.16) Substituting (5.16) to (1.4), we can obtain the following reduction equations:
(5.17)
When d = δ, we can find a solution for (1.4) as follows: 18) where M 1 , M 2 , and M 3 are constants,
, we can obtain 19) where F = F(x, t). Substituting (5.19) to (1.4), we can obtain the following reduction equations:
To solve (5.20) is difficult, so we set
where θ = C 1 x + C 2 t, C 1 and C 2 are constants. Taking (5.21) into (5.20), one can get
When δ = d, we can find a solution for (1.4) as follows:
An exact solution of (1.4) can be derived from (5.19) and (5.23) as follows: 
Conclusions
In summary, by performing Lie symmetry analysis on equations (1.2), (1.3), and (1.4), we obtain their Lie symmetries and find that their Lie symmetries are spanned by finite dimensional Lie algebra. According to the relationship between symmetry and conservation laws given by Ibragimov, many explicit and non-trivial conservation laws for the three equations are derived. These conservation laws may be useful for the explanation of some practical problems. Using the associated characteristic equation of the obtained symmetry, equations (1.2) and (1.4) are reduced to several ordinary differential equations. New explicit solutions of the two equations have been derived by solving the reduction equations. However, some of the reduction equations have not been solved analytically, the solutions of them will be our sustained concern in the future.
